Abstract. Critical ideals generalize the critical group and the characteristic polynomials of the adjacency and Laplacian matrices of a graph. Two vertices of a graph are twins if they have the same neighbors. There are two types of twins depending on whether the twins are connected or not. We study the critical ideals of a graph that have twin vertices. Specifically, we obtain relations between some evaluations of the critical ideals of a graph G and the critical ideals of G with some vertices arbitrarily cloned. As a consequence we get an upper bound for the algebraic co-rank for a graph with twin vertices.
Introduction and background
A signed multidigraph G σ is a pair that consists of a multidigraph G (a digraph possibly with multiple arcs) and a function σ, called the sign, from the edges of G into the set {1, −1}. Given the set of variables X G = {x u : u ∈ V (G)} indexed by the vertices of G, and a principal ideal domain (PID) P, the generalized Laplacian matrix L(G σ , X G ) of G σ is the matrix whose entries are given by
where m uv is the number of arcs leaving u and entering to v, and 1 P is the identity of P. Moreover, if P[X G ] is the polynomial ring over P in the variables X G , then the critical ideals of G σ are the determinantal ideals given by I i (G σ , X G ) = {det(m) : m is an i × i submatrix of L(G σ , X G )} ⊆ P[X G ], for all 1 ≤ i ≤ |V (G)|. We say that a critical ideal is trivial when it is equal to 1 . Definition 1.1. The algebraic co-rank γ P (G σ ) of G σ is the maximum integer i such that I i (G σ , X G ) is trivial.
Note that γ P (G σ ) ≤ n − 1, since I n (G σ , X G ) = det(L(G σ , X G )) = 1 . The algebraic co-rank of a graph is closely related to the combinatorial properties of the graph. For instance, if H σ is an induced subgraph of G σ , then I i (H σ , X H ) ⊆ I i (G σ , X G ) for all 1 ≤ i ≤ |V (H)| (see [10, Proposition 3.3] ). Therefore, γ(G σ ) ≤ γ(H σ ). Moreover, let α(G) and ω(G) denote the stability number and the clique number of G, respectively. In [10, Theorem 3.13 ] the following bounds were obtained: γ P (G) ≤ 2(n − ω(G)) + 1 and γ P (G) ≤ 2(n − α(G)).
We now introduce the concepts of duplication and replications of vertices which are key in our study. Given a digraph G and a vertex v ∈ V (G), the duplication d(G, v) of v is the digraph obtained from G by adding to G a new vertex v 1 and the arcs .
Critical ideals were firstly defined in [10] as an algebraic generalization of the critical group of a graph. Which is now introduced. The Laplacian matrix L(G σ ) of G σ is the evaluation of L(G σ , X G ) at X G = D G , where D G is the degree vector of G. By considering L(G σ ) as a linear map L(G σ ) : Z V → Z V , the cokernel of L(G σ ) is the quotient module Z V /Im L(G σ ). The torsion part of this module is the critical group K(G σ ) of G σ . The critical group has been studied intensively on several contexts over the last 30 years: the group of components [13, 14] , the Picard group [4, 6] , the Jacobian group [4, 6] , the sandpile group [9] , chip-firing game [6, 15] , or Laplacian unimodular equivalence [11, 16] . And recently, the critical ideals have played an important role in the classification and understanding of the graphs whose critical group has i invariant factors equal to one, see [2, 3] .
In general, the relations between the critical group and many other parameters of a graph G remain mysterious. So the critical group of a graph are interesting topics for studying. In this topic the researches mainly concentrate on two respects. One is to determine the exact structure of K(G) for some special families of graphs. The other one is to study the relationship between the critical group of a graph and that of graphs obtained from it by various constructions. There are some natural constructions on graphs which behave well with respect the critical group. For example, trivially the critical group K(G + H) of disjoint union G + H of two graphs G and H is isomorphic to K(G) ⊕ K(H). More interesting, in [18] was proved that if the graphic matroids of G and H are isomorphic, then their critical groups are isomorphic. This was proved by studying the operations of splittings or mergings of one-vertex cuts and twistings of two-vertex cuts. More graph operations have been explored, for instance: the cone of a graph [1] , the line graph [5, 12] , clique-inserted graph [7] or threshold graphs [8, 17] .
The purpose of this article is to study of the critical ideals of signed multidigraphs having twin vertices. Several graph families have twin vertices. For instance, the complete multipartite graphs, the threshold graphs, the quasi-threshold graphs, or the cographs. Therefore, the description of critical ideals of graphs with twins is an important step in the development on the theory of critical ideals and critical group. In Section 2, we will obtain relations between some evaluations of the critical ideals of a signed multidigraph G and the critical ideals of G d , where d ∈ P V (G) . As a consequence of this partial description of the critical ideals, we get an upper bound for the algebraic co-rank of graphs with twins. This upper bound is important for instance in the classification of the graphs that have algebraic co-rank less or equal to an integer k (see [3, Section 2] ). We will also state three conjectures which lead into a wide and interesting panorama of the critical ideals. In Section 3, we give a description of the critical ideals of the k-th duplication d k (G, v) of vertex v and k-th replication r k (G, v) of vertex v in terms of some of the critical ideals of G.
An upper bound for the algebraic co-rank of graphs with twins
This section is meant to be a first approach to the theory of critical ideals of graphs with twins. First, we present a core result, Lemma 2.1, which computes the minors of a special type of matrices, the join of matrices. In particular, we will see that almost all minors of these matrices are equal to zero. This lemma turns out to be very useful because the generalized Laplacian matrix of several multidigraphs are the join of matrices. For instance, the generalized Laplacian matrix of a graph obtained by duplicating or replicating its vertices. By using this lemma, we will get a first description for the critical ideals of the graph obtained by the duplication or replication of its vertices (Lemma 2.3 and Theorem 2.7). After, we will find that this non-accurate description of the critical ideals of graphs with twin vertices is enough to we get an upper bound for the algebraic co-rank of a graph with twins (Corollary 2.9). In fact, this bound is tight since the complete graphs satisfy it (Example 2.10). This upper bound is important in the theory of critical ideals of graphs. For instance, it can be used in the classification of the graphs that have algebraic co-rank less or equal to an integer k.
First we define the join of matrices and we prove a lemma that will be frequently used in the paper. Let P be a commutative ring with identity and let M n (P) denote the set of n × n matrices with entries on P. Given two vectors a ∈ P q 1 and b ∈ P q 2 , and two matrices P ∈ M p 1 ×p 2 (P) and Q ∈ M q 1 ×q 2 (P) such that p 1 + q 1 = p 2 + q 2 , then the join J(P, a; Q, b) is the matrix
The following lemma describes the determinant of the join J(P, a; Q, b).
Proof. The proof follows by using induction on
Note that all the square submatrices of a join of matrices are in fact join of matrices. Therefore, almost all minors of the join of matrices are equal to zero. This fact will be useful in getting a description of the critical ideals of a graph with twin vertices (see Lemmas 2.3, 2.4, 3.1 and 3.6).
, and a matrix M ∈ M n (P), the submatrix of M obtained by the rows i 1 , . . . , i r and the columns j 1 , . . . , j s will be denoted by M [I; J ]. On the other hand, given a ∈ P n , L ∈ M n (P), and 1 ≤ j ≤ n. Let
Claim 2.2. Let G be a signed multidigraph with n ≥ 2 vertices and v be a vertex of G.
when 1 ≤ j ≤ n − 1, and it is equal to
Proof. The proof is simple, and similar to the proof of [10, Claim 3.12 ].
Now we give a description of the critical ideals of d(G, v) in terms of the critical ideals of G. Let X ⊆ X G and a ∈ P |X| . Through the paper, I(G, X G )| X=a will denote the evaluation of I(G, X G ) at X = a. Lemma 2.3. Let G be a signed multidigraph with n ≥ 2 vertices and v be a vertex of G. Then
be two sets of size j, and I {1,2} = {1, 2}∩ I and
, then Lemma 2.1 implies that m I,I ′ belongs to
when I {1,2} and I ′ {1,2} are equal to {1, 2}.
Therefore, for 1 ≤ j ≤ n − 1, the j-th critical ideal of the duplication has the following expression:
We assume, for the sake of clarity, that
On the other hand, by Claim 2.2 we have that
Now we give a description of the critical ideals of the replication of a vertex of a signed multidigraph.
Lemma 2.4. Let G be a signed multidigraph with n ≥ 2 vertices and v be a vertex of G. Then
, for some a, b ∈ P n−1 . Similarly to Lemma 2.3, we have that for 1 ≤ j ≤ n − 1, the j-th critical ideal of the replication has the following expression:
Besides, the n-th critical ideal of the replication has the following expression:
Next example shows a signed digraph satisfying the equality in the ideal inclusions of Lemmas 2.3 and 2.4.
Example 2.6. Let G be the cycle with five vertices, where the arcs v 2 v 1 and v 1 v 5 have negative sign, see Figure 2 . It is not difficult to check that the algebraic co-rank of the graph G is equal to 3, when P = Z. Figure 2 . A signed multidigraph G with five vertices and its generalized Laplacian matrix.
On the other hand, the 4-th critical ideal
, and the 4-th critical ideal I 4 (r(G, v 1 ), X r(G,v 1 ) ) is equal to
Thus this example satisfies also the opposite inclusions of Lemma 2.3 and 2.4.
Successive applications of Lemmas 2.3 and 2.4 leads to the following general result: Theorem 2.7. Let G be a signed multidigraph with n ≥ 2 vertices and d ∈ Z n . Then for all 1 ≤ j ≤ n the j-th critical ideal
Proof. The result turns out by the successive applications of Lemmas 2.3 and 2.4.
Next example illustrates Lemmas 2.3 and 2.4 and Theorem 2.7.
Example 2.8. Let G be the graph on Figure 3 . By using a computer algebra system, we can see that γ Z (G) = 3 Figure 3 . A graph G with eight vertices and its generalized Laplacian matrix.
and its non-trivial critical ideals are the following:
From these equalities and Theorem 2.7, we can easily obtain that the critical ideals
are trivial, for i ∈ {1, 2} and j ∈ {3, 4}. Further, the ideals I 4 (G e 1 −e 6 , X), I 4 (G e 1 −e 5 , X), I 4 (G e 2 −e 5 , X), I 4 (G e 2 −e 6 , X), I 4 (G e 5 −e 6 , X), I 4 (G e 6 −e 5 , X) are also trivial. On the other hand,
, and
Note that, I 5 (G, X G )| {x 6 =0,x 5 =−1} = x 3 , x 4 , x 1 x 2 −2x 2 −1 , and
As consequence of Theorem 2.7, we get the following bound for the algebraic co-rank of a signed multidigraph with twins.
Corollary 2.9. Let G be a signed multidigraph with n vertices. Then
Proof. Let g = γ P (G δ ) and d ∈ Z n such that supp(d) = δ. By applying Theorem 2.7 to G δ , we have that the non-trivial critical ideal I g+1 (G δ , X G δ ) is included in the ideal
Therefore, applying Theorem 2.7 to G δ and d−δ, we have that
On the other hand, since I n+1 (G, X G ) = 0 , then
and we get the result.
Next example show us that the upper bound given in Corollary 2.9 is tight.
Example 2.10. Let K n be the complete graph with n ≥ 2 vertices. By [10, Theorem 3.15] and [10, Theorem 3.16], we have that γ P (K n ) = 1 and I n (K n , X Kn ) = P , where
Since the evaluation of P at {x 1 = 0, · · · , x n−1 = 0, x n = −1} is equal to −1, then Theorem 2.7 and Corollary 2.9 imply γ P (K d n ) = n for any d ∈ Z n such that d i ≥ 1 when i ∈ [n − 1] and d n ≤ −1. Also, [10, Theorem 3.16] implies I n−1 (K n , X) = i∈I (x i + 1) : I ⊆ [n] and |I| = n − 2 .
Since I n−1 (K n , X) {x i =0 : i∈[n−1]} = 1 , then Theorem 2.7 and Corollary 2.9 imply
Corollary 2.9 is useful in classification and understanding of the graphs with algebraic co-rank less or equal to an integer fixed k. A graph G is forbidden for the graphs with algebraic co-rank less or equal to k if and only if γ(G) ≥ k + 1. One step in the classification is to prove that the graphs with no forbidden induced subgraph have algebraic co-rank at most k. This was done in [2] for k = 1, 2, by a large computation of the minors of their corresponding generalized Laplacian matrices. But now this can be easily checked by evaluations of the critical ideals of few graphs, as performed in [3, Section 2].
2.1. Some conjectures. In light of the previous results we conjecture the following.
Conjecture 2.11. If γ P (G − v) = γ P (G) for all v ∈ V (G), then G has at least a pair of twin vertices. Note that Conjecture 2.11 imply Conjecture 2.12. And Conjecture 2.12 is equivalent to Conjecture 2.13.
Critical ideals of graphs with twin vertices
In this section we give a description of the critical ideals of d k (G, v) and r k (G, v) in terms of some of the critical ideals of G. More precisely, if g ′ = γ P (d(G, v)) and λ is a constant that depends on G and v, then Theorem 3.4 gives a description of Before to establish the result, we introduce some notation. Given a subset S of the natural numbers, let S l denote the set of all subsets of S of cardinality exactly l. Moreover, if v is a vertex of a signed multidigraph,
. We take P S 0 (v) = {1}. And for simplicity,
Lemma 3.1. Let G be a signed multidigraph with n vertices and v ∈ V (G). If k, j ≥ 1 and m = min(k, j − 1), then
for some a, b ∈ P n−1 . Let I,
. We can use similar arguments when h ′ = 0. Thus, we assume that h, h ′ ≥ 1. Now by Lemma 2.1 we have that
, and some subvectors a ′ of a and b ′ of b. Clearly, det P 1 = 0 if and only if (up to row and column permutations)
On the other hand, if h = h ′ we have the following cases: Case I: If P has at least two zero rows, then det(P ) = 0, det(J(P, 1; 0, 1)) = 0, and thus m I,I ′ = 0.
Case II: If P has only one zero row, then det(P ) = 0, det(J(P, 1; 0, 1)) = h−1 t=1 x v i t , and
, for all 2 ≤ h ≤ m − 1. Case III: If P has no zero row, then
and the i-th critical ideal I i (T k+1 , X T k+1 ) of the graph with k + 1 isolated vertices is equal to
behaves almost equally as the j-th critical ideal of the disjoint union of T k+1 and G.
In next example we show how to use the description of
, where
Now we are ready to give a more accurate description of some critical ideals of
for all k ≥ 1 and i ≥ 0.
) is trivial, and by Lemma 2.3 we have that I g ′ (G, X G )| xv =0 is trivial. Therefore,
When k = 1, Theorem 3.4 can be reduced to the following simpler form
Which is similar to Lemma 2.3. For a fixed integer k ′ ≥ λ + 1, we have that Theorem 3.4 implies that
, for all j such that 1 ≤ j ≤ k ′ − λ. That is, Theorem 3.4 does not describe all the critical ideals of d k ′ (G, v).
In order to obtain a description of all the critical ideals of
. Now we present an example that may help to understood Theorem 3.4.
Example 3.5. Let G be the cycle with four vertices and sign σ given by
See Figure 4 . By using a computer algebra system, we can verify that γ Z (G) = 2, γ Z (G − v 1 ) = 2, and Figure 4 . A signed multidigraph G with four vertices and its generalized Laplacian matrix.
for all i ≥ 0. Finally, since I j (G, X G ) = 0 for all j ≥ 5, then
for all i ≥ 1, k ≥ 1. Moreover, the reader can check that
That is, Theorem 3.4 can not be improved. Now we will give the description of the critical ideals of r k (G, v). This part is structured similarly than the part of the critical ideals of d k (G, v). Given a subset S of the natural numbers and a vertex v ∈ V (G), let
(v) will be denoted by P k l (v). We will use similar arguments to those used in the proof of Lemma 3.1. Lemma 3.6. Let G be a signed multidigraph with n vertices, and v ∈ V (G). If k, j ≥ 1 and m = min(j − 1, k), then
We can use the same arguments used in the proof of Lemma 3.1 for the case when h = 0 or h ′ = 0. On the other hand, by Lemma 2.1 
It is not difficult to see that if P has two rows equal to −1, then m I,I ′ = 0. Let
If P has only a row equal to −1, then P is equal to (up to row and column permu-
Thus m I,I ′ ∈ P k h−1 (v) · I j−h+1 (G, X G )| xv=−1 . Finally, if P has no row equal to −1, then P is equal to (up to row and column permutations) to R. Since det(R) = h s=1 (x v ls + 1) − h s=1 t =s (x v l t + 1) (see [10, theorem 3.15] ) and det(J(R, 1; 0, 1)) = − h s=1 t =s (x v l t + 1), then
Now we present a result similar to Theorem 3.4 for the replication of vertices. , v) , X r(G,v) ) is trivial. In both cases we have that I g ′ (G, X G )| xv =−1 , and the result turns out in a similar way than in Theorem 3.4. Now we how an example in order to understand Theorem 3.7.
Example 3.8. Let G be the signed multidigraph given in Figure 5 .
By using a computer algebra system, it is not difficult to check that γ Z (G) = γ Z (G−v 1 ) = 2 and γ Z (r(G, v 1 )) = 3. Thus d ′ = 1 and λ(d, d ′ ) = 1. Also, it is not difficult to check that I 4 (G, X G )| x 1 =−1 = x 4 + 1, x 5 + 1, x 6 + 1, x 2 x 3 − 1 , That is, I j (d k (G, v), X)| x v 0 =−1 behaves almost equally as I j (K k+1 + G, X K k+1 +G ).
